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The occupancy of hydrogen inside the voids of ice Ic and ice II, which gives two stable hydrogen hydrate
compounds at high pressure and temperature, has been examined using a hybrid grand-canonical Monte Carlo
simulation in wide ranges of pressure and temperature. The simulation reproduces the maximum hydrogen-to-
water molar ratio and gives a detailed description on the hydrogen influence toward the stability of ice
structures. A simple theoretical model, which reproduces the simulation results, provides a global phase dia-
gram of two-component system in which the phase transitions between various phases can be predicted as a
function of pressure, temperature, and chemical composition. A relevant thermodynamic potential and
statistical-mechanical ensemble to describe the filled-ice compounds are discussed, from which one can derive
two important properties of hydrogen hydrate compounds: the isothermal compressibility and the quantification
of thermodynamic stability in term of the chemical potential.
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I. INTRODUCTION

Storage of hydrogen has been actively investigated to
meet the demand on environmentally clean and efficient
hydrogen-based fuel.1 A search for practical hydrogen-
storage materials leads to an intensive exploration of host-
guest compounds consisting of simple molecules.2–5 It has
long been believed that hydrogen is too small to stabilize the
hydrate cages, and therefore cannot form hydrates by itself.
However, synthesis of the hydrogen clathrate hydrate of
structure II �Ref. 6� and structure H,7 as confirmed later by a
theoretical calculation,8,9 implies that hydrogen molecules,
despite of their small size as guest species, can stabilize a
variety of host lattices of water by means of single and mul-
tiple occupancies. Hydrogen hydrate is considered as a po-
tential candidate for hydrogen storage, which is particularly
interesting in industry, and its unique features have stimu-
lated scientific curiosity in general.

It has also been reported that hydrogen molecules can be
engaged in the interstitial spaces of ice II and cubic ice �Ic�,
giving two stable hydrate compounds, or filled ices, called
C1 and C2.10 The water lattice in C1 consists of hydrogen-
bonded water hexagonal rings stacked along c axis, thus pro-
vides hollow cylindrical spaces, in the same manner as ice
II.11 The diameter of those cylindrical spaces is sufficient to
accommodate hydrogen molecules. In such sense, C1 can be
viewed as ice II filled with hydrogen molecules. Light noble
gases such as helium12 and neon13 are also known to form
hydrates of ice II structure. On the other hand, the water
lattice of C2 is a diamondlike structure equivalent to ice Ic
structure,11 and thus it can be viewed as ice Ic where its
interstitial spaces are occupied by hydrogen. The C2 is a
hydrogen-rich crystalline compound with 1:1 molar ratio of
water-to-hydrogen, corresponds to 110 g L−1 hydrogen, and
it is stable down to 500 MPa at 77 K.6

Given the variety of hydrogen hydrates, it is of fundamen-
tal importance that the stability and the phase behavior of a
water-hydrogen system are systematically studied in the
pressure p, temperature T, and chemical-composition space.
Unfortunately, the thermodynamic stability of C1 and C2

relative to other water-hydrogen composite phases in a wide
range of thermodynamic conditions has been scarcely ex-
plored. On the other hand, constructing a global phase dia-
gram is a tedious task from experimental view point, consid-
ering the number of thermodynamic states to be explored. It
is even more difficult to carry out experiments for C2 in high
pressure of gigapascal order.

Here we present complementary study on hydrogen occu-
pancy inside ice II and ice Ic; a Monte Carlo �MC� simula-
tion that reproduces experimental observations and a simple
theoretical calculation that provides a global phase behavior
for realistic models of C1 and C2. We first examine the en-
sembles and the relevant thermodynamic potentials to de-
scribe clathrate hydrate compounds. A statistical mechanical
theory by van der Waals and Platteeuw �vdWP� is modified
to treat a condition where the volume, V, is significantly
dependent on the pressure. On the basis of this statistical
mechanical theory along with MC simulations, the thermo-
dynamic stability of both hydrogen hydrates structures is dis-
cussed. The compressibility of various ice forms is also in-
vestigated, which turns out to be one of the most intriguing
properties. The preliminary results were given in a previous
letter.14

II. SIMULATION METHOD

A. Intermolecular interaction model and ices structure

In the present study, all molecular interactions are de-
scribed by the sum of simple site-site pair potential
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Hydrogen molecule is modeled as a linear rigid rotor with a
single Lennard-Jones �LJ� potential site and a negative
charge site both at the center of mass and two positive
charges at the individual protons separated by 0.07414 nm.15

The water-water interaction is described by TIP4P
potential.16 This potential has often been used in the study of
water, and it is believed to be the most reliable within the
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framework of pair potential having a rigid body, at least in
reproducing the important properties of pure water and ice.17

The TIP4P model consists of four interaction sites: a positive
charge, qH on the hydrogen atom, a negative charge �−2qH�
on the bisector of two OH bonds �denoted as M�, and an LJ
interaction between oxygen atoms. The detailed potential pa-
rameters for both models are given in Table I. The interaction
between water and hydrogen is described by assuming
Lorentz-Berthelot mixing rule

�12 =
�1 + �2

2
, �2�

�12 = 
�1�2. �3�

The interaction potentials for all pairs of molecules are trun-
cated smoothly at �rc=�0.8655 nm �Ref. 18� and discontinu-
ity is avoided by multiplying the potential with a switching
function,

fs�r� =
�r − rc�3�10�r − rl�2 − 5�r − rl��r − rc� + �r − rc�2�

�rl − rc�5 ,

�4�

where r is the distance between two centers of mass and rl is
the distance where the switching function begins to take ef-
fect with rl−rc=0.2 nm. The standard correction for LJ in-
teractions is made by assuming uniform molecular arrange-
ment beyond the truncation distance. The simulation box for
ice II structure is taken to be a rectangular prism �a
=2.597 nm, b=2.249 nm, and c=2.501 nm� containing 576
water molecules, while that for ice Ic is taken to be a cubic
box �a=3.864 nm� containing 1728 water molecules �216
unit cells�. The ice Ic configurations are generated according
to Bernal-Fowler rules19 so as to have no net polarization.

B. GC/NPT MC simulation

The accommodation of hydrogen molecules inside ice II
�C1� and ice Ic �C2�, along with their stability under various
thermodynamic states, is investigated using a hybrid type of
grand-canonical �GC� and isothermal-isobaric �NPT� MC
simulations. The accommodation is regarded as an adsorp-
tion of the gas in the cavities of ice structures, which can be
evaluated as typical adsorption process by GCMC simula-

tion. In this simulation, temperature T and the number of
water molecules Nw are kept fixed in the whole process. An
insertion or a deletion of hydrogen is attempted with the
chemical potential of guest hydrogen ��g� and the instanta-
neous volume fixed. A trial insertion is made at an arbitrary
position with randomly chosen polar ��� and azimuthal ���
angles. The insertion is accepted with the probability

Pinsert = min�1,
exp
���g� − w��sin � �−3V

Ng + 1
� , �5�

where w is the interaction energy of the inserted molecule
with the surrounding ones. Ng, �, and h are the number of
guest �hydrogen� molecules, the thermal de Broglie wave-
length, and Planck constant, respectively. �g� stands for the
chemical potential of hydrogen that excludes the contribution
from the free rotational motion and � is 1 /kBT with Boltz-
mann constant kB. Trial deletion of a randomly chosen hy-
drogen molecule out of Ng is accepted with the probability

Pdelete = min�1,
exp
��− �g� + w��Ng

sin � �−3V
� . �6�

We assume that the hydrostatic pressure on the hydrate is
equal to that of the hydrogen fluid. A relation to the relevant
thermodynamic potential is discussed below. The pressure
covered in this study is of gigapascal order, which can lead
to an alternation of cell dimension. Therefore, to account for
this condition, a volume change is attempted according to the
standard NPT MC simulation. The pressure p is set to a
constant corresponding to the prescribed chemical potential
of guest hydrogen and temperature in the rest of the proce-
dures. In this GC/NPT MC simulation, a single step consists
of a trial hydrogen molecule insertion or deletion with the
same probability, followed by subsequent five trial moves of
randomly chosen water or hydrogen molecules and a trial
volume change. Each MC simulation is carried out for at
least 108 steps.

C. NVT MC simulation and chemical potential for hydrogen
fluid

The equation of state, which relates the chemical potential
of guest fluid with the pressure at particular temperature, is
not known for hydrogen fluid interacting with the prescribed
potential. The chemical potential of hydrogen fluid with
number density � at temperature T is given by

�g�T,p� = kBT
ln���3� − 1 + ln�h2/4	2IkBT��

+ �
0

�

�p − �kBT�/�2d� + p/� , �7�

where I is the moment of inertia. Here, an NVT MC simu-
lation of hydrogen fluid is carried out in order to establish the
relation between the pressures and number density.8 For this
purpose, the number of hydrogen molecules is taken to be in
a range of 96–589 molecules so that the system volume falls
in a certain range proportional to the volume of ice II and ice
Ic. The isotherms are depicted in Fig. 1, where the real hy-
drogen fluid behaves like an ideal gas with rigid rotors at low

TABLE I. Potential parameters for hydrogen and TIP4P water
models. In hydrogen model, the negative charge sit at the center of
linear rigid rotor. In TIP4P water model, the negative charge sits on
a bisector of two OH bonds, denoted as M.

Model Site
q

�e�
�

�0.1 nm�
�

�kJ mol−1�

H2 H +0.4932

Center −0.9864 3.038 0.2852

TIP4P H +0.5200

O 3.154 0.6480

M −1.0400
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pressure due to its small size and weak attractive interaction.
As the pressure increases, the chemical potential signifi-
cantly deviates from that for the ideal gas due to the strong
intermolecular interaction.

III. RESULT AND DISCUSSION

A. Accommodation of hydrogen inside ice Ic and ice II

The representative structures for C1 and C2 obtained from
GC/NPT MC simulations are given in Fig. 2. In the C1 struc-
ture, it is seen that the cylindrical voids of ice II are filled
with hydrogen molecules which align themselves in a quasi-
one-dimensional arrangement. In the case of C2 structure, a
hydrogen molecule is located in each interstice of ice Ic. The
number of hydrogen molecules encaged is dependent signifi-
cantly on the applied pressure.

The pressure dependence of hydrogen-to-water molecular
ratio in C1 is shown in Fig. 3�a�. The ratio gradually in-
creases as the compression proceeds, which is in sharp con-
trast to the behavior of common clathrate hydrates where
high occupancy is required for the thermodynamic stability
of the host structure. This arises from the fact that ice II is a
stable ice form even without hydrogen molecules in the re-
gion of temperature-pressure plane studied while a usual
clathrate is not stable in its empty state. The potential energy
arising from the water-water interaction shows no disruption
in the pressure range where hydrogen molecules partially
occupy the voids of ice II. This also indicates that the struc-
ture of C1 is retained even when the voids of ice II are only
partially occupied 
Fig. 2�e��. The encaged hydrogen, how-
ever, further enhances the stability of ice II structure and
extends its stable region to higher pressure. The highest
hydrogen-to-water molecular ratio is found to be 1:6 at all
temperatures studied, which is in good agreement with the
experimental finding.10

In case of C2, as shown in Fig. 3�b�, the hydrogen-to-
water molecular ratio rapidly changes in a certain narrow
range of pressure and, in particular, it does abruptly in high

temperatures. The discontinuity in hydrogen-to-water mo-
lecular ratio is also accompanied by a discontinuity in the
water-water interaction energy, which further indicates that a

FIG. 1. Pressure and temperature dependence
of chemical potential for hydrogen fluid. The lin-
ear line shows the chemical potential of hydrogen
treated as ideal fluid.

FIG. 2. �Color online� Structures of C1 and C2 in various hy-
drogen occupancy, obtained from GCMC simulation. On the left
side: C1 with maximum hydrogen occupancy �T=273 K, p
=2100 MPa� in �a� perspective and �c� orthographic view and �e�
C1 with partial hydrogen occupancy �T=273 K, p=300 MPa�.
On the right side: C2 with maximum hydrogen occupancy �T
=273 K, p=3500 MPa� in �b� perspective and �d� orthographic
view and �f� C2 with partial hydrogen occupancy �T=273 K, p
=700 MPa�.
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structural change may take place in ice Ic structure. The GC/
NPT simulation shows that a high-density phase replaces the
ice Ic structure at intermediate pressure region 
Fig. 4�b��.
This can be attributed to the experimental evidence that an-
other ice morphology is substituted for ice Ic at that pressure
range17 and the host lattice is stable only when almost all of
the voids are filled with guest molecules. Here it is clear that
ice Ic structure is no longer intact and is degraded to an
amorphous structure when the ratio of hydrogen-to-water
molecules drops below a certain value due to low pressure

Fig. 2�f��. It is not surprising that hydrogen molecules sta-
bilize the structure of ice Ic at high temperature and pressure
in the same way as guest species stabilizes a clathrate hy-
drate. The maximum molar ratio of water hydrogen in C2 is
found to be 1:1. This value is also in agreement with the
experiment.10 The low ratio of hydrogen-to-water, observed
when ice Ic is transformed to an amorphous ice, can be as-
sociated with the low but finite solubility of gas molecules in
amorphous ice.20

B. Theoretical calculation of hydrogen occupancy inside
ice Ic and ice II

The simulation results suggest that hydrogen molecules
occupy a specific position in the voids of ice Ic 
Fig. 2�d��.
Given the maximum molar ratio of hydrogen-to-water in C2,
it is possible to regard ice Ic of Nw water molecules as a host
lattice having Nw virtual cages, each of which allows at most
one hydrogen to occupy. This situation is then equivalent to
the common clathrate hydrate whose stability can be esti-
mated by vdWP theory.21,22 The characteristic of this virtual
cage should be examined prior to justify the treatment.

The potential-energy curve of a hydrogen molecule inside
the virtual cage of ice Ic is calculated as a function of radial
distance, r, from the originally stable position. The potential
energy here is calculated from the interaction with all water
molecules fixed to lattice sites. It is averaged over all mo-
lecular orientations and all cages. The resultant curve is
given in Fig. 5 along with the minimum energy at a particu-
lar orientation at a given r. The potential-energy curve is
rapidly increasing as the hydrogen molecule leaves its me-
chanically stable position. In contrast to the interaction en-
ergy of hydrogen molecules in a smaller cage of sII clathrate
structure,8 the interaction energy of hydrogen molecule in-

FIG. 3. Pressure and temperature dependence of hydrogen-
to-water molar ratio in �a� C1 and �b� C2, obtained from GCMC
simulation �solid line� and theoretical calculation based on vdWP
theory �dashed line�. The results from theoretical calculation based
on one-dimensional partition function for C1 is shown as dotted
line �a�.

FIG. 4. Density of water in �a� C1 and �b� C2. A discontinuity in
the density of C2 suggests for a structure collapse of ice Ic lattice
during decompression.
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side the interstitial space of ice Ic has a repulsive character
even at its minimum due to the small size of the virtual cage.
It is, yet, reasonable if we consider the high pressure needed
to encage hydrogen molecule inside cubic ice. In addition,
the repulsive interaction of the guest molecule is essential to
maintain the mechanical stability of ice Ic framework. We
carry out an MC NVT simulation of hydrogen fluid �at T
=273 K� inside the cavity of ice Ic by fixing the water-lattice
position, whose result indicates that the movement of hydro-
gen molecules is limited to about 0.4 nm from the original
stable position. This limitation, indeed, does not directly cor-
respond to the real situation, where hydrogen molecules can
diffuse to a neighboring void when the thermal motion of
water is considered.23,24 However, the information about dis-
placement limit is particularly useful in calculating the free
energy of occupancy of hydrogen molecules inside ice Ic,
where the maximum displacement from the center can be
regarded as the size of each virtual cage. The vertical bars in
Fig. 5 are the variance of interaction energy of hydrogen
molecule in various cavities. The figure shows that all cavi-
ties are energetically equivalent; thus the free energy of oc-
cupancy is equal throughout.

The occupancy of hydrogen inside ice Ic can be estimated
from a grand-canonical partition function. For the system
with 
Nw virtual cages, where 
 is equal to unity in the case
of C2, the partition function is given by

� = exp�− �Aw
0 ��1 + exp
���g − fg���
Nw, �8�

where Aw
0 is the free energy of empty ice and fg is the free

energy of cage occupation. It is converted to the generalized
partition function � assuming at most a single occupancy as

� =
1

v0
�

0




� exp�− �pV�dV , �9�

where v0 is the unit volume which is introduced to make the
partition function dimensionless. The integral is actually re-

placed by the integrand ��Vm�exp�−�pVm� at equilibrium
volume Vm where the integrand in Eq. �9� takes a maximum

value. Then, it is reasonable that f̄g is substituted for fg at Vm
and the partition function is approximated to

� = exp�− �Gw
0 ��1 + exp
���g − f̄g���
Nw.

The mean number of hydrogen molecules is expressed as

�Ng� =
� ln �

����g�
�10�

and the cage occupancy, x, defined as �Ng� /
Nw is given by

x =
exp
���g − f̄g��

1 + exp
���g − f̄g��
, �11�

where the free energy of cage occupancy f̄g�fg� is evaluated
by integration of potential interaction between a linear sym-
metric molecule with the surrounding water molecules inside
a cage at an equilibrium volume as

exp�− � f̄g� = �2	mkBT

h2 �3/2�2	IkBT

h2 �
�� � exp
− �w�r,���drd� . �12�

The estimated hydrogen occupancy inside ice Ic is plotted in
Fig. 3�b� as dashed line. The theoretical prediction agrees
well with that from the simulation in high-occupancy region
but deviates significantly in low occupancy. The discrepancy
is due to an assumption in theoretical calculation that the
host structure �ice Ic in this case� is stable even in the ab-
sence of hydrogen at any pressures. The theoretical calcula-
tion necessarily leads to the partial occupancy and thus gives
a smooth increase in hydrogen occupancy in ice Ic during
compression since neither a possible instability of the host
lattice nor the thermodynamic stability of this hydrate com-
pound over ice VII �or ice II� is taken into consideration. The
latter is considered in the estimation of a global phase dia-
gram. In practical simulation �and also experiment�, decom-
pression gives rise to mechanical instability, which prevents
the observation of C2 at lower pressures. This is different
from the thermodynamic stability that is determined by the
chemical potentials and is argued below. The sudden collapse
is, however, not found in the case of C1, where the host
structure is stable even in the absence of hydrogen mol-
ecules. Hence, a similar method can be applied to C1 by
dividing each cylindrical channel into cells, each of which
contains only a single guest molecule. The obtained result, as
given in Fig. 3�a� as dashed line, agrees well with the MC
simulation over the entire pressure and temperature range
studied. The successful predictions by this theoretical calcu-
lation indicate that an underlying mechanism in the accom-
modation of hydrogen is simple. It is determined by the free
energy of cage occupation which is, in turn, dominated by
the vacant space for a hydrogen molecule to be encaged,
considering the weak interaction between water and
hydrogen.

FIG. 5. Interaction energy curve of a hydrogen molecule with
the surrounding water molecules in an interstitial space of ice Ic as
a function of displacement from its stable position: averaged over
all orientation �solid line�; minimum energy �dashed line�. The ver-
tical bars show variance of interaction energy in other interstitial
spaces of ice Ic.
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Another theoretical approach for calculating the occu-
pancy of hydrogen inside ice II can be devised by consider-
ing that the hydrogen molecules arrange themselves in a
quasi-one-dimensional manner in the cylindrical space of ice
II 
Fig. 2�c��. The cylindrical space extends along the c axis
�denoted as z direction here�. The system then can be treated
with one-dimensional partition function, which eventually
leads to an estimation of the number density of hydrogen
inside the cylindrical voids. The partition function can be
exactly calculated if there is no interaction between mol-
ecules beyond nearest neighbors, that is, in our case, if each
guest molecule is taken to interact with its nearest neighbors
alone.25,26 This approach may be reasonable since the poten-
tial for hydrogen pair, ��z�, is short ranged. Now let � be a
quantity with a dimension of force per unit length �a one-
dimensional analogue of the pressure� and define a Laplace
transform of e−���z� defined by

y = �
0




e−��ze−���z�dz . �13�

Then the isobaric partition function �1D for the one-
dimensional gas is expressed as

�1D��,T� = e−N�� = yNe−N�f1/lz
N, �14�

where f1 is the free energy of a single guest molecule occu-
pying a cylindrical space of length lz defined as

exp�− �f1� = �2	mkBT

h2 �3/2�2	IkBT

h2 �
��

0

lz

dz� dx� dy� d� exp
− �w�r,��� ,

�15�

where w�r ,�� is the interaction energy of a hydrogen mol-
ecule with all the water molecules. The relation between the
chemical potential of hydrogen and � is given by Eq. �13� or
equivalently by

� = − kBT ln�ye−�f1/lz� �16�

and the number density � in the quasi-one-dimensional space
�the number of molecules per unit length� is given by

� = − � � ln y

���
�−1

. �17�

The pressure dependences of the calculated occupancy at
various temperatures with the nearest-neighbor assumption
are shown in Fig. 3�a� �dotted line�. The overall result, how-
ever, suggested that the treatment by vdWP theory is better
suited for the present system which is characterized by high
pressure and high density.

C. Compressibility of hydrogen hydrate of ice II and Ice Ic

structure

The water lattice of ice VII consists of two interpenetrat-
ing, but not interconnecting, sublattices of ice Ic
framework,27 giving one of the densest ices as a result.

Therefore, C2 can alternatively be seen as ice VII where one
of its water sublattice is replaced by hydrogen molecules. It
is intriguing to evaluate the compressibility of C2 and then
compare it with that of the ice VII, thereby examining the
consequence of the nonstoichiometry in C2.

Let us begin with a system specified by �Nw,Ng ,V ,T�
each indicating the number of water molecules, the number
of guest molecules, the volume, and the temperature. In this
paragraph on the thermodynamic properties, Ng is a mean
value of the guest molecules in the clathrate hydrate and is
identified with �Ng� in the remaining parts. The thermody-
namic potential is the �Helmholtz� free energy, A. The infini-
tesimal change in the free energy of gas hydrate system is
written as

dA = − pdV − SdT + �wdNw + �gdNg. �18�

If �g, instead of Ng, is taken to be an independent variable,
the thermodynamic potential for such a system is

� = A − �gNg, �19�

and the differential is

d� = − pdV − SdT + �wdNw − Ngd�g. �20�

The system is now characterized by �V ,T ,Nw,�g�. This con-
dition meets exactly the vdWP theory. Here, we implicitly
assume that the clathrate hydrate is in equilibrium with a
guest fluid outside at T and �g. This kind of system is set up
by surrounding the hydrate with a membrane permeable only
to hydrogen molecule and thus preventing water molecule to
leave the hydrate system. Then the pressure pg of the fluid
phase is, in general, different from the pressure p of the
hydrate phase we are interested in: the gas hydrate is not in
true equilibrium with the fluid of guest species. Conse-
quently, the phase rule for the two-component system with
two-phase equilibrium is not applied to the thermodynamic
condition for the vdWP theory. Further, the constant-volume
condition becomes unrealistic at high pressures where the
change in V cannot be neglected. These limitations in the
original vdWP theory are circumvented by introducing an-
other thermodynamic potential

� = � + pV . �21�

We obtain

d� = Vdp − SdT − Ngd�g + �wdNw, �22�

which implies this thermodynamic potential is a function of
p, T, Nw, and �g. Integrating Eq. �22� gives

� = �wNw. �23�

We further impose an experimentally accessible condition
that the clathrate hydrate is in equilibrium with a fluid mix-
ture of hydrogen and water. This is realized by requiring that
the chemical potentials of water and hydrogen in the fluid
phase are equal to those in the clathrate and the pressure in
the fluid is equal to p in Eq. �21�. Then, the term d�g in Eq.
�22� is replaced in terms of dp and dT from Gibbs-Duhem
equations as
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d�g = � 1 − a

1 − ab
�vgdp − � 1 − ac

1 − ab
�sgdT , �24�

where vg is the volume per molecule and sg is the entropy per
molecule in the fluid phase and a, b, and c are defined using
number density �=N /V and entropy density �=S /V for each
phase and each component as

a = �w
�fluid�/�w

�hydrate�, b = �g
�hydrate�/�g

�fluid�,

c = ��hydrate�/��fluid�. �25�

It is now transparent that the potential � is a function of p,
T, and Nw. In the limit of �w�0 or �w��g, d�g in Eq. �24�
is approximated to vgdp+sgdT. Therefore, we are left with

d� = �V − Vg�dp − �S − Sg�dT + �wdNw, �26�

where Vg=Ngvg and Sg=Ngsg. Note that V−Vg in Eq. �26�
formally refers to the volume of water, which can be either
positive or negative. The chosen thermodynamic potential
corresponds to the generalized isobaric partition function �
as defined in Eq. �9� while Eq. �26� suggests that its differ-
entiation leads to the properties of water lattice in hydrate
system.

The volume and its derivatives can be obtained by the
theoretical method as well as GC/NPT MC simulation. The
partition function which corresponds to the thermodynamic
potential in Eq. �26� can be written as

− kBT ln � = Gw
0 − 
kBTNw ln�1 + exp
���g − f̄��� .

�27�

Its differentiation with respect to the pressure then gives the
volume of water in hydrate system

Vw = Vw
0 + 
Nwx� � f̄

�p
−

��g

�p
� �28�

with 
Nwx= �Ng� and ���g /�p�=vg. The volume of the sys-
tem is given by rearranging Eq. �28� so that

V = Vw
0 + 
Nwx

� f̄

�p
. �29�

By the definition, the compressibility is

�T = −
1

V

�V

�p
�30�

and with Vw
0 =Nwvw

0 , thus it is given as

�T = −

�vw
0

�p
+ 


�x

�p

� f̄

�p
+ 
x

�2 f̄

�p2

vw
0 + 
x

� f̄

�p

. �31�

An alternative method to evaluate the compressibility
from theoretical approach is given by considering a fact that
the integrand of the partition function in Eq. �9� is maximum
at equilibrium so that

− kBT
� ln � exp�− �pV�

�V
= 0, �32�

p = −
�aw

0

�v
− 


� f

�v
x , �33�

and the inverse of compressibility, also known as bulk modu-
lus, can be written as

�T
−1 = −

�p

� ln V
= v

�2aw
0

�v2 + 
v
�2f

�v2x + 
v
� f

�v

�x

�v
. �34�

The isothermal compressibility of C2 and ice VII in a
pressure region where both species are thermodynamically
stable is shown in Fig. 6�a�. The compressibility from the
free-energy calculation is compared with that from GCMC
simulation, which results in nearly complete agreement. In
the pressure range studied, the compressibility of ice VII is
found to be lower than C2. This can be caused either by the
ability of water molecules to build a firm hydrogen-bonded
structure and/or simply because the size of water molecule is
larger than hydrogen. In addition, the obtained p-V-T data
and bulk modulus of ice VII from simulation and theoretical

FIG. 6. Isothermal compressibility of �a� C2 and ice VII, �b� C1

and ice II, obtained from free-energy calculation �solid line� and
GCMC simulation �dashed line�.
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calculation are close to those obtained from an experimental
work with diamond-anvil cell at the same pressure range of
gigapascal order.28 Another experimental work reported that
the decrease in C2 volume with the increase in pressure is
greater compared to the case of ice VII, which suggested that
the compressibility of C2 is higher than ice VII.29

The compressibility of ice II and C1 can also be evaluated
in a similar way. Since C1 structure remains stable in partial
hydrogen occupancy, which is different from the case of C2,
the evaluation can be done in a pressure region where hydro-
gen gradually fills the cylindrical spaces in C1. The com-
pressibility of C1 and pure ice II, obtained from free-energy
calculation and GCMC simulation, is shown in Fig. 6�b�. At
pressure region where hydrogen molecules start to fill the
empty space of ice II, a significant deviation from the com-
pressibility line of empty ice II is observed. This large
change in compressibility can be understood better by exam-
ining the change in the C1 volume when hydrogen start to
occupy the cylindrical spaces in ice II as shown in Fig. 4�a�.
The deviation of C1 volume from the pure ice II is led by two
opposite factors in the course of compression; a high chemi-
cal potential increases the number of hydrogen molecules in
ice cavities, which, in turn, expands the size of hexagonal
rings and increases the volume, but it is partially cancelled
by the simple hydrostatic pressure which reduces ice volume.
This gives rise to a complicated pressure dependence of the
volume. The deviation, in turn, yields the large change in
compressibility of C1 during partial occupancy. The second
term on the right-hand side in Eq. �34� is found to give a
major contribution to the magnitude of compressibility. This
term is also immensely determined by the magnitude of the
occupancy and vanishes in the absence of hydrogen mol-
ecules. Such complicated pressure dependence is not ob-
served in C2 since the lattice structure is unstable under par-
tial occupancy of hydrogen.

D. Thermodynamic stability of C1 and C2

The thermodynamic stability of C1 and C2 can be quanti-
fied in terms of the chemical potential, which eventually en-
ables us to predict the phase boundaries between them. The
chemical potential of water in C1 and C2 is calculated as

−
� ln �

��Nw
= �c = �c

0 + 
kBT ln�1 − x� , �35�

where

�c
0 = �Aw

0 + pV�/Nw �36�

is the chemical potential of the empty ice. The Helmholtz
free energy of ice containing no hydrogen molecule, Aw

0 , is
approximated by the sum of the potential energy at its mini-
mum structure, Uq, the harmonic free energy, Fh, and the
residual entropy term, Sc �if any�, as

A�T,V� = Uq�V� + Fh�T,V� − TSc �37�

with

Fh�T,V� = kBT�
i

ln� hvi

kBT
� , �38�

Sc = NwkB ln�3/2� . �39�

The harmonic free energy of water is calculated from
normal-mode analysis.30–33 Here the free energy arising from
anharmonic contribution is neglected because only the differ-
ence in the anharmonic free energy between empty ice and
filled ices is required in the thermodynamic stability as dis-
cussed below and it is much smaller than the other term.34

Since the occupancy in C2 is approximately unity at high
pressure and the water-lattice vibrations are possibly shifted
to higher frequencies, the harmonic free energy should be
evaluated in the presence of hydrogen, and thus the chemical
potential is replaced by the corresponding �Ic

� which may
include the modulation of intermolecular vibrational fre-
quency by including “ghost” hydrogen.35 Equation �35� is
rewritten in a more convenient form

�c = �c� + 
�fg − �g + kBT ln x� . �40�

This serves to suppressing statistical errors in evaluating the
thermodynamic stability from GC/NPT simulations which
may arise from logarithm term. More importantly, change to
the new standard state is an essential manipulation in the
case of C2 since otherwise ice Ic collapses at high pressure.

The calculated chemical potential as a function of pres-
sure and temperature for C1 and C2 are plotted in Fig. 7. At
T=273 K and p�1.5 GPa, C1 structure has lower chemical
potential which explains its existence in preference to C2
while C2 has higher chemical potential when the hydrogen
occupancy in its voids is low. As the pressure increases and
the hydrogen molecules start to occupy the voids inside ice
Ic, the chemical potential of C2 becomes lower than C1. In
other word, C2 structure is more favorable than C1 at high
pressure �P�1.6 GPa�. This is also in agreement with the
experimental fact that C2 structure is observed at higher pres-
sure region and C1 structure at lower pressure region.

FIG. 7. Chemical potential of water in C1 �linear� and C2

�curve� at T=273 K �solid line�, 250 K �dashed line�, and 230 K
�dotted line�. The chemical-potential shifts suggest a structure tran-
sition from C1 to C2 as the compression proceeds.
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E. Phase diagram of C1 and C2

The C1 and C2 phases occupy neighboring regions in the
phase diagram but the phase boundaries are not fully estab-
lished especially in composition axis. We show that a global
phase diagram is obtained from evaluation of the chemical
potentials for water and/or hydrogen. From now on, 
 de-
notes exclusively the cage-to-water ratio for C1 while that for
C2 �=1� is not shown explicitly. The triple-point pressure p0
for the C1+C2+H2 coexistence �which is a line in the com-
plete phase diagram including T� is obtained from condition
that the chemical potentials of water are equal in C1 and C2
phases as

�C1 = �C2 and �g = �g
0�T,p� ,

where �C1=�II
0 +
kBT ln�1−x1� and �C2=�Ic

� +kBT ln�1
−x2� with

x1 =
exp����g − fg1��

1 + exp
���g − fg1��
and x2 =

exp����g − fg2��
1 + exp
���g − fg2��

.

�41�

Here �g
0 stands for the chemical potential of pure hydrogen

fluid and suffices 1 and 2 refer to C1 and C2, respectively.
The above condition determines the pressure p0 and the oc-
cupancies x1

0 and x2
0 at the triple point.

The phase boundary between the C2 phase and the C2
+H2 coexistence is obtained from the occupancy in C2 at a
given T, which is

x2 =
exp����g − fg2��

1 + exp
���g − fg2��
with �g = �g

0�T,P� .

The phase boundary between the C1 phase and the C1+H2
coexistence can also be determined in similar manner.

Since C2 is stable when hydrogen-water molecular ratio is
greater than a certain value, then there is a region in phase
diagram where only C2 is stable �single phase�. Conse-
quently, another boundary should appear at the lower mole
fraction; that is between the C2 phase and the C1+C2 coex-
istence. At this boundary, hydrogen in C2 is supposed to be
in equilibrium with hydrogen in C1 at the same T, p but not
necessarily in equilibrium with pure hydrogen fluid. For this
reason, it is determined by removing the unknown �g, where

�g = f1 + kBT ln� x1

1 − x1
� = f2 + kBT ln� x2

1 − x2
� , �42�

�f = f2 − f1 = kBT ln� x1�1 − x2�
x2�1 − x1�� . �43�

It is reasonable to assume that most of the cavities are occu-
pied in both hydrates at a high pressure above p0, thus

�f � kBT ln
�1 − x2�
�1 − x1�

. �44�

We further apply a simple approximation that �f is indepen-
dent of the pressure. Now let us define �� as

�� = �Ic
� − �II = 
kBT ln�1 − x1� − kBT ln�1 − x2� . �45�

Since ��=�a+ p�v with �v=v2−v1 at fixed p for single
component, combined with Eq. �44�, the occupancy x2 is
obtained as

D exp�−
���a + p�v�

1 − 

� = 1 − x2 �46�

with D=exp

�f /kBT�
−1��, which leads further to

x2 − x2
0 = �1 − x2

0��1 − exp�−
��p�v
1 − 


�� �47�

with �p= p− p0. Additionally, x1 in this equilibrium can be
obtained from Eq. �44�.

Since C1 is stable even in the case of partial occupancy,
the region where only C1 is stable can be expected to be
wider than C2. The phase boundary between C1+ice VII and
C1 phase, as well as the triple point pressure p0� for the C1
+C2+ice VII coexistence, can be predicted according to the
following condition:

�VII = �C1 = �II + 
kBT ln�1 − x1� , �48�

x1 = 1 − exp� ��


kBT
� �49�

with ��=�VII−�II.
The global phase diagram is shown in Fig. 8. In the p-xH

�mole fraction of H2� plane where T is fixed, a one-phase
state �C1 or C2� and a two-phase equilibrium state �ice VII
+C1, VII+C2, C1+C2, C1+H2, or C2+H2� form finite areas
while a three-phase equilibrium state or a triple point �ice
VII+C1+C2 or C1+C2+H2� appears as a line, where H2
stands for the hydrogen-fluid phase. When p� p0, for any
value of xH, the chemical potential of water in C2 is higher
than that in C1, and thus C2 is not stable in this region. When

FIG. 8. Phase diagram of C1 and C2 on p-xH plane at T
=273 K �solid line and circle point�, 250 K �dashed line and square
point�, and 230 K �dotted line and triangle point�. The horizontal
line shows the triple point of C1+C2+H2 coexistence and C2+C1

+VII coexistence. They also marked the phase boundary between
C1, C1+C2, and C2 on p-T plane.
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p� p0, the C2 phase is in equilibrium with C1 or with ice VII
for xH�0.5 while it is in equilibrium with a hydrogen fluid
for xH�0.5. In between, there is a narrow region �appeared
to be a line in Fig. 8 but it is actually a region as shown in
the inset�, where C2 is the only stable phase. This region
becomes wider as the temperature decreases, hence signify-
ing higher stability of cubic ice structure at lower tempera-
ture. Here it is shown that the existence of a particular hy-
drogen hydrate phase can be regulated by varying its
chemical composition. The phase boundaries predicted from
theoretical calculation are in good agreement with the ex-
perimental observation, that is, C2 becomes more stable than
C1 at high pressure range, and it coexists with the C1 phase
at middle pressure ranges.10 Furthermore, p0 is shown to
have a positive slope in p-T plane while p0� has a negative
slope, which is also in agreement with experimental obser-
vation. It should also be noted that the pressure where ice Ic
structure collapses in Fig. 3�b� is close to the triple-point
pressure p0.

IV. CONCLUDING REMARKS

In summary, we propose a theoretical method with the
extension of the vdWP theory to estimate the thermodynamic
stability of ice II and ice Ic filled with hydrogen, which are
called C1 and C2, via occupancies calculation. The calculated
result is then compared with that from GC/NPT MC simula-
tions. The C1 phase is stable under partial occupancy and
gradually encages hydrogen with increasing pressure while
C2 is stable only when most of its voids are occupied by
hydrogen molecules. The maximum molar ratio of hydrogen-
water is found to be 1:6 and 1:1 for C1 and C2, respectively.
There is no phase transition observed during the change in
hydrogen occupancy in C1 but a substitution of ice Ic mor-
phology in C2 compounds is observed when the molar ratio
of hydrogen-water drops below certain value, depending on
pressure and temperature. For this reason, partial occupancy
of hydrogen molecule inside ice Ic is unlikely to happen
since the ice Ic structure is unstable and collapses in the
absence of hydrogen molecules inside its voids under high

pressure and temperature. The existence of hydrogen mol-
ecules inside the vacant spaces of ice II and ice Ic enhances
the stability of ice structure and shift the phase boundary of
both ices to higher pressure and temperature region. We pro-
pose an appropriate ensemble, a partition function, and the
relevant thermodynamic potential to characterize the hydro-
gen hydrates. It is found that the theoretical calculation based
on a modified vdWP theory for the present systems success-
fully reproduces the hydrogen occupancies obtained by di-
rect MC simulations. This allows us to evaluate the stability
of various forms of filled ices without any fitting parameters
or inputs from experiments. The compressibility of C1 and
C2 obtained from derivation of a relevant partition function
is found to reproduce the compressibility obtained by MC
simulation. The results give a description on two opposing
factors in C1 compression and a comparison between the
compressibility of C2 and its closely related ice VII. Phase
boundaries in the pressure-composition phase diagram at
various temperatures are estimated from the chemical-
potential calculation of water and are also found to be con-
sistent with experimental observations in p-T plane,10 that is,
C1 is replaced by C2 as the compression proceeds to higher
pressure, p0 has positive slope and p0� has negative slope.
Furthermore, the region where C2 is the only stable phase is
getting wider with the decrease in temperature, signifying
higher stability of ice Ic at lower temperature. From the ob-
tained phase diagram in p-xH, it is evident that a certain
hydrogen hydrate structure, in single form or mixtures, can
be obtained by controlling the composition of water and hy-
drogen. The phase diagram will be an important guideline for
experiments to obtain a certain type of hydrogen hydrate
structure, either as a single phase or coexisting phases.
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